This paper presents the discussion of experimental results and numerical simulation of nonlinear phenomena in a flexible rotor system under mechanical resonance. The whirling motion of the first flexural mode of the rotor causes the hunting of its rotating speed. Hysteretic jump phenomena exist between the charge and the discharge of the rotation. It is shown that the quasi-periodicity of the whirling motion is closely related to the hunting of the rotating speed. When the rotor is coupled to a generator, a continuous change of output power cannot be achieved under mechanical resonance. These results show the necessity to stabilize the whirling motion and the hunting, for example in a flywheel energy storage system.
Introduction
We understand that a flexible rotor system has a coupled structure with a flexible rotor and a drive/effector. This system has many applications, for example, a cyclone separator, a flywheel energy storage system, and others. Recently, the flywheel energy storage system has been under focus. The system is one of effective electric power storage systems with high power density by kinetic energy. Its characteristics of quick response make it suitable to apply it in a power network for leveling the load power fluctuation. However, a rotating flexible rotor vibrates due to the centrifugal force which is proportional to the imbalance mass radius. This vibration is called the whirling motion.
The flexible rotor system has resonant points with its natural frequencies. At the critical rotating speed, the amplitude of the rotor vibration increases suddenly [Inoue & Hikihara, 1998; Lawen & Flowers, 1996] . The flywheel rotor also shows the increase of the amplitude of the whirling motion at the critical rotating speed [Hikihara et al., 1997; Higasa, et al., 1993; Hull, 1997; Takahara et al., 1995 Takahara et al., , 1997 . Moreover, it has been reported that the flywheel rotor levitated by the magnetic bearing has four natural frequencies for the fundamental mode [Hikihara, 1995] . Apparently, it is impossible to avoid the mechanical resonance at those frequencies. Hence, the analysis of the rotor vibration at the critical rotating speed is a substantial research topic.
The dynamical behavior of the whirling motion of the flexible flywheel rotor has been studied under modeling as the Jeffcott rotor [Choi, & Libchaber, 1994; Ehrich, 1991; Ishida, 1994; Kim & Noah, 1990] . Most of these analytical studies are based on an assumption of a constant rotating speed, which implies that the torque is not influenced by the dynamical behavior of the flywheel rotor. Unfortunately, the assumption may not be satisfied when the flywheel rotor is applied to an energy storage system, because it does not have a controller for the rotating speed, which is fluctuated by the whirling motion. Therefore, the influence of the whirling motion on the rotating speed of the rotor keeping the mechanical input torque constant is an important problem.
The output characteristics of the generator connected to the flywheel rotor has never been discussed under mechanical resonance. It strongly depends on the rotating speed of the shaft connected to the generator. This research topic belongs to both mechanical and electrical engineering but it is not well understood.
Based on the problems mentioned above, we propose a DC (Direct Current) motor-rotor-DC generator coupled system in order to discuss the influence of the whirling motion on the rotating speed based on the experimental view with keeping the mechanical input torque constant. The design of the rotor is based on the Jeffcott rotor model to show the whirling motion of the flywheel rotor over a critical rotating speed. The obtained characteristics seem to have rich information about the hunting dynamics of the rotating speed in the flywheel system. The experimental results show that the rotating speed fluctuates due to the whirling motion, so that the hunting phenomenon of the generated voltage is induced. The bifurcation of the whirling motion is clearly related to that of the electromotive force of a generator.
Also, a mathematical model of the system is proposed. The numerical simulation suggests the presence of the hunting at the first critical flexural mode of the whirling motion and the jump phenomena.
This paper is organized as follows: In Sec. 2, details of the experimental system are explained and a mathematical model is also proposed; in Secs. 3 and 4, experimental and simulation results are discussed in detail.
Experimental System and Theoretical Model

Jeffcott rotor model
The dynamics of a rotor which has a relatively elastic shaft compared to a bearing support, with keeping the rotation below the second critical speed, is widely studied and is called the Jeffcott rotor [Choi & Libchaber, 1994] . This rotor consists of a rigid massive imbalanced disk and a flexible shaft of negligible mass which supports the disk. Both ends of the shaft are supported by bearings. The gyroscopic moments associated with the disk are neglected. Figure 1 shows the whirling motion of the first critical flexural mode of the Jeffcott rotor.
In this paper, we propose the experimental system and the mathematical model based on the Jeffcott rotor model to discuss the nonlinear phenomena in the flexible rotor system. The model can be applied to the analysis of the dynamic behavior of a flywheel rotor under rotation.
Experimental system and setup conditions
We consider the DC motor-rotor-DC generator coupled system as shown in Fig. 2 , where the DC motor, the DC generator, and the rotor are linked in a line. The rotor consists of a plastic disk, a flexible shaft made with piano wire, and a small brass weight. The disk mounted at the middle of the shaft has the following dimensions: diameter 48.80 mm, thickness 3.90 mm and mass 2.7 g, and the shaft has: diameter 3.00 mm, length 612.00 mm and mass 33.9 g. A small weight is attached to the disk at 18.95 mm out from the center and has a mass of 0.7 g. The weight is used to induce the whirling motion of the rotor. The bending of the shaft shows weak nonlinear spring characteristics as shown in Fig. 3 . The linear approximation of the shaft stiffness k is 961.63 N/m. The natural frequency ω nTh rad/s can be obtained theoretically as follows:
where m kg is the total mass of the rotor including the shaft and the disk. The DC motors (Mabuchi-motor, RS-540SH) with rating 42.2 W are used for both the motor and the generator, respectively. The electrical power input is converted into mechanical torque, which linearly depends on the input voltage of the armature winding of the motor. Then the mechanical torque is transferred from the motor to the generator through the rotor, where it is reconverted into electrical power. The output power is proportional to the derivative of the flux linkage caused by the rotation of the armature inside the generator. The DC motor-DC generator directly coupled system has the completely linear relation between the input electrical power and the output power. Therefore, the linearity of the relation between the terminal voltage and the mechanical torque of the motor, and between the terminal voltage and the rotating speed of the generator are assured.
The input terminal voltage of the motor, the output terminal voltage of the generator, and the vertical displacement of the rotor are measured simultaneously while rotating. Especially, the rotor displacement is measured by using a laser displacement sensor. Experimental data is synchronously sampled at every rotation of the marker attached at the joint between the shaft and the generator.
For simplicity, from now on, the input terminal voltage of the motor will be called the input voltage, and the output terminal voltage of the generator will be called the output voltage.
Mathematical model
The coordinate system of the rotor is defined as shown in Fig. 4 , where M denotes the center of the disk, G the center of gravity, ω r (=θ r ) the rotating speed of the rotor, ω w the whirl speed, e the radius of imbalancing mass, r the rotor displacement ( x 2 M + y 2 M ), and O the origin. It is assumed that the bending spring characteristics of the rotor have the second-order nonlinearity according to Fig. 3 . Then the force relation for a horizontally arranged Jeffcott rotor can be written by the following differential equations:
where k 1 and k 2 denote the coefficient of the nonlinear shaft stiffness, d x and d y the damping in x and y directions, respectively. d j represents the damping in rotation, J the inertia of the rotor, T the input torque, m the total mass of the rotor, and mg the gravity force working on the rotor. As mentioned in Sec. 2.2, the characteristics of the motor and the generator in the experimental system are linear. Therefore, the dynamical equations of the experimental system can be given by Eq. (2).
Experimental Results and Discussion
Bifurcation phenomena of rotating speed when input voltage is increased
This section considers the dynamical behavior of the rotating speed when the input voltage is increased monotonically. Figure 5 shows a bifurcation diagram of the output voltage, when the input voltage is monotonically swept from 0.00 V to 3.00 V. The input voltage represents the torque of the motor and the output voltage the rotating speed of the generator, respectively. In the range of V i (0) < V i < V i (a) and V i (c) < V i , the output voltage increases proportionally to the input voltage. However in the range of V i (b) < V i < V i (c), the output voltage shows the hunting feature. In this range, the averaged output voltage is almost constant around 0.57 V, at the end of the region V i = V i (c), a jump of the output voltage suddenly occurs. In the range of V i (a) < V i < V i (b), the output voltage is almost steady at 0.50 V. At V i = V i (b), a small jump in the output voltage is observed. Now, we compare the bifurcation diagram of the output voltage with that of the rotor displacement, which is shown in Fig. 6 . The horizontal axis coincides with the input voltage because each point shows the sampled input voltage that is swept at the constant rate 13 mV/s. When the whirling motion occurs in the range of P t(a) < P t < P t(b) via Hopf bifurcation, the hunting of the output voltage also appears. Hence, it can be concluded that the whirling motion causes the hunting of the output voltage. Physically it implies that the fluctuation of the rotating speed induces the hunting phenomenon. At P t = P t(b), a jump of output voltage occurs, then the whirling motion of the rotor disappears.
When the output voltage becomes 0.57 V in Fig. 5 , the rotating speed is 1445 rpm and causes the mechanical resonance. Since the relation between the rotating speed and the output voltage of the generator is expressed as:
where V o V is the output voltage and n rpm is the rotating speed of the generator. The experimental value of the natural frequency ω nExp is very close to the theoretical value ω nTh (i.e. 151.3 rad/s and 160.7 rad/s). It can be speculated that the difference is due to the nonlinearity of the rotor and the damping effect. Therefore, it is concluded that the hunting of the rotating speed of the rotor is caused by the whirling motion under the mechanical resonance. On the other hand, the cause of the phenomenon in the range of
From now on, we define the terms "resonant region" as the range in which the rotor shows the resonant whirling motion, and "nonresonant region" as the rest of the range.
Relationship between whirling motion and hunting
In Sec. 3.1, it was clarified that the whirling motion of the rotor at the resonant state causes both the bifurcation and the hunting phenomena in the rotating speed. In this section, the relationship between the whirling motion and the hunting is discussed in detail.
The output voltage and the vertical displacement of the rotor at the state A (V i = 1.22 V) in the nonresonant region in Fig. 5 and at the state B (V i = 1.98 V) in the resonant region are obtained in Figs. 7 and 8, respectively. At the state A, the rotor displacement vibrates periodically but the output voltage keeps constant as shown in Fig. 7(a) . Figure 7 (b) shows synchronously sampled points at every rotation. It implies that the rotor vibration synchronizes with the period of the rotation. As a result, the periodic vibration of the rotor, which synchronizes with the period of the rotation, does not have any influence on the rotating speed in the nonresonance region. The vibration occurs due to the centrifugal force caused by the radius of imbalancing mass and the clearance of bearing at both ends of the shaft. On the other hand, at the state B, the hunting appears in the output voltage although the input torque keeps constant as shown in Fig. 8(a) . The rotor vibration shows the quasi-periodicity characterized by the beat frequency. The beat frequency is around 9 Hz. The hunting frequency of the electromotive force is also 9 Hz. It is important to say that both frequencies coincide. The amplitude of hunting component becomes large (small) when the amplitude of the whirling motion becomes small (large). In Fig. 8(b) , the whirling motion does not synchronize with the period of the rotation and shows quasi-periodicity causing the hunting of the rotating speed even under the constant input torque condition. Clearly, the hunting frequency of the electromotive force coincides with the beat frequency of the whirling motion.
Hysteretic jump phenomena
In this section, it is shown that hysteretic jump phenomena exist between the charge and the discharge of the rotating speed. Figure 9 shows a bifurcation diagram of the output voltage when the input voltage is swept from 2.80 V to 0.00 V. It also shows the hunting in the range of V i (b ) < V i < V i (c ), the jump phenomenon at V i = V i (c ), and the plateau phenomenon in the range of V i (a ) < V i < V i (b ), as we observed in Fig. 5 . However, the range of the resonant region in Fig. 9 is narrower than that in Fig. 5 .
Superposing Fig. 9 on Fig. 5 , the bifurcation diagram Fig. 10 is obtained. Two hysteretic jump phenomena can be observed, the height of the jump at large input voltage is higher than the other. In the experiment, only the input voltage is a bifurcation parameter, hence the hysteretic jump phenomena are caused by the fold catastrophe. The fold catastrophe typically occurs in the buckling phenomenon of the Euler column [Thompson, 1982] .
Bifurcation depending on rotor imbalance
Let us consider the bifurcation phenomena when the mass of the small weight attached to the disk is changed. When it is swept from 0.0 g to 1.3 g, the bifurcation phenomena of the output voltage are observed as shown in Figs. 11 and 12. The increase of the weight gives to the system the imbalance of the disk. The dependence of hunting and the hysteretic jump phenomena on the weight are also shown. According to the increase of the weight, the resonant region becomes wider. Figure 13 shows the projection of the hysteretic characteristics on the voltage-weight plane. The diagram shows the linear relation in the plane as for the increase or the decrease of the input voltage. However, the two lines in the figure are not parallel but they never cross each other. This implies that the rotor has the radius of imbalancing mass without the small weight on the disk. If the rotor is completely balanced, the two lines cross at the origin. The total mass of the rotor increases according to the increase of the small weight. Hence, the centrifugal force F N to the center of gravity of the rotor increases because it is given by F = m(r + e)ω 2 r (4) Based on the above observations, we can represent the structure of the bifurcation for the experimental system as shown in Fig. 14. The bifurcation structure shows the cusp catastrophe in the output voltage-input voltage-centrifugal force space. There are two folds which cause the hysteretic jump phenomena, and the region between them represents the resonant region. The lines A and B in Fig. 14 correspond to the lines A and B in Fig. 13 , respectively. According to the decrease of the centrifugal force, the two folds approach each other and the resonant region becomes narrow. At the cusp point, which is the ideal state for the system, the resonant region disappears because of the coincidence and the disappearance of the fold points. It is important to say that the decrease of centrifugal force can stabilize the rotor.
The following methods to stabilize multipurpose rotors are well known: (a) adjusting the mass imbalance radius; and (b) designing the natural frequency above the rotating speed. However, the flywheel energy storage system requires the increase of the mass or radius of the disk to enlarge the stored energy. Even though the mass imbalance radius of the rotor is small adequately, Eq. 4 shows that the centrifugal force increases in proportion to the mass and to the rotor displacement. It implies that the rotating speed cannot pass the critical speed of the rotor without any restriction.
Numerical Simulation Results
and Discussion
Bifurcation phenomena of angular velocity
In the numerical simulation, the parameters are set Figure 15 shows the bifurcation phenomena of the angular velocity ω r and the vertical displacement of the rotor y M at the setting T = 0.014·t Nm·sec, k 2 = 100 N/m, and d j = 0.003. The natural frequency can be estimated by Eq. (1). The above setting corresponds to a situation that the input voltage is increased monotonically. In the nonresonant region 0 < T < T (a) and T (c) < T, the angular velocity increases in proportion to the torque and the rotor vibration is sufficiently small. At T = T (a), the whirling motion appears because the angular velocity resonates with the natural frequency. In the resonant region T (a) < T < T(c), the averaged angular velocity is almost constant around 160.1 rad/s. In the range of T (a) < T < T (b), there is not a significant fluctuation in the angular velocity. Hence, it is clarified that the hunting of the angular velocity which is equivalent to the hunting of the rotating speed is caused by the Hopf bifurcation of the whirling behavior. At the end of the resonant region T = T (c), a jump of the angular velocity suddenly occurs. The numerical behavior in T (a) < T < T (b) was not seen in experiments. And the experimental behavior in the range of V i (a) < V i < V i (b) in Fig. 5 cannot be seen in the numerical simulation results. Except for these differences, simulation results almost coincide with the experimental results.
Relationship between whirling motion and hunting
Here, we consider a relationship between the whirling motion and the hunting of the angular velocity. Waveform of the angular velocity and the displacement of the rotor under the setting T = 1.2 Nm (constant), k 2 = 3000 N/m and d j = 0.01 are shown in Fig. 16 . The displacement of the rotor vibration is quasi-periodic because it has beat frequency. The beat frequency is 3.7 Hz approximately. It coincides with the hunting frequency of the angular velocity. The amplitude of the hunting becomes large (small) when the rotor displacement becomes small (large). The simulation results completely agree with the experimental results.
Bifurcation phenomena depending on damping
This section deals with the influence of damping on the rotor behavior. Figure 17 shows the bifurcation phenomena of the angular velocity and the rotor displacement when the torque is swept from 0.00 Nm to 4.00 Nm, keeping the external damping d x = d y = 0.05. It is five times bigger than that in Sec. 4.1. In the resonant region of T (a ) < T < T (b ), the whirling motion appears but the hunting of the angular velocity is not seen, at T = T (b ), a jump phenomenon occurs. The displacement of the rotor vibration is smaller than that in Fig. 15 , and the range of the resonant region is also smaller than that in Fig. 15 .
On these results, we will comment on the stabilization of the rotor behavior. The displacement of the rotor is restricted by the damping force. The hunting does not appear for the angular velocity when the rotor vibration has no beat frequency. The damping force makes the range of the resonant region small so that the rotor is stabilized by the external damping. However, the flywheel energy storage system cannot avoid the energy loss if the damping force exists. Therefore, the stabilization of the hunting by adjusting the external damping is not possible for the flywheel energy storage system.
Conclusion
In this paper, we have discussed the dynamical behavior of a flexible rotor system based on both the experimental results and the numerical simulation. It was observed that the hunting of the rotating speed is caused by the whirling motion under mechanical resonance and it can be understood qualitatively as Hopf bifurcation of the whirling motion. When the flexible rotor system like a flywheel is connected to a generator, the hunting possibly appears in the electromotive force of the generator when the flywheel is under mechanical resonance. The stabilization is achieved by adjusting the damping force to the rotor. However, for the flywheel energy storage system, the method is disadvantageous because of the energy loss. The application of the system to an energy storage field has the tough hazard when the flexibility of the shaft appears. As a next step, we will develop an active control of the whirling motion in the flywheel system. The obtained results give us the clues to achieve the stabilization of the rotating speed in the flexible rotor system.
